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Abstract
An expression is derived, giving the optimum number of teeth

over which the span measurement should be made, for profile-shifted
spur and helical gears.

Introduction
The span measurement is widely accepted as an accurate

method for measuring gear tooth thickness. Once the span
has been measured, for either spur or helical gears, the tooth
thickness can be calculated without difficulty.(1) However,
there is no simple expression, except in the case of spur gears
with zero profile shift, giving the optimum number of teeth
N' over which the span should be measured.

When the span measurement is made, the contact between
the tooth faces and the caliper jaws should be near the mid-
dle of the tooth profile. For gears with no profile shift, this
means that the contact should he near the standard pitch cir-
cle. And for gears with profile shift e, the radius of the tip
circle is generally extended by approximately the same
amount e, so the contact should take place at distance e above
the standard pitch circle. It is not possible to choose N' so
that the contact is always close to the required radius, For
certain gears, one value of N' may give contact points near
the tips of the teeth, whi.le, if N' is reduced by 1, the contact
points may be down near the fillets. However, it is obvious-
ly essential that the contact should always take place below
the tooth tips and above the fillets, preferably with an ade-
quate margin,
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Fig. 1- A base tangent section

Relation Between the Span Measurement
and the Tooth Thickness

fig. 1shows a base tangent section through the gear, touch-
ing the base cylinder along line AA'. The sections through
each tooth are indicated by the shaded areas in the diagram,
The upper edge of each tooth coincides with a generator
above line AA' and is, therefore, a straight line; while below
line AN, the tooth edge in the section is slightly curved.
Similarly, the lower edge of each tooth is curved above line
AA',and it is straight below the line. Since the curved edges
are very nearly straight, they are shown in the diagram as
straight dotted lines. The span measurement is made between
two points such as Band B', on opposite sides of line .AA',
and because Band B' each lie on a straight tooth edge, the
exact shape of the curved edges is of no significance. With
the curved edges drawn as straight lines, the tooth edges all



Rg. 2- Transverse section through a contact point

appear as parallel straight lines, making an angle with the
gear axis equal to the base helix anglefb, and the base
tangent section is then identical with the developed base
cylinder.

The length BB' is made up of one tooth thickness measure-
ment ee,. which crosses line M', and a number of pitch
measurements such as BC Since the base tangent section is
the same as ,the developed base cylinder, at least as far as
the solid lines are cencemed, the length CC is equal to t"b,
the normal tooth thickness at the base cylinder , and the length
BC is equal to the normal base pitch Pnb' Hence, if the span
S is measured over N' teeth, there are (N' -1) lengths such
as Be., and the span length is given by the following
expression:

S - (N' -l)Pnb + tnb (1)

This equation gives the value of tmb immediately. The tooth
thickness at the standard pitch cylinder can be found by con-
verting first to the transverse tooth thickness at the base
cylinder, and then to that at the standard pitch cylinder, in
the usual. manner.

(2)

_~b
.cos'tb

(3)

tt = Rs (ttb - 2 inv 05)

Rb
(4)

(5)

In these equations, all quantitites with the subscript bare
defined on the base cylinder, while the others are defined on
the standard pitch cylinder, whose radius Rs is defined as
follows:

(6)

where mn is the normal module. The equations in this arti-
cle are all given in terms of the norma! and transverse modules
m"and mt, but for those who. prefer to use the carr pond-
ing diametral pitches, the final expression for the number of
teeth to be spanned is given in both Forms.

Optimum Span Length
The component of the span measurement perpendicular

to the gear axis is (Scos 'tb), as we can see in Fig.!. The
transverse section through one of the measurement contact
points is shown in Fig. 2, and the radius R of this poLnt is
found by Pythagoras' rule:

(7)

The profile shift e is related to 'the tooth thickness by the
following two equations:

(8)

(9)

where 05 and 0c are the transverse and normal pressure
angles of the gear at its standard pitch cylinder. For a gear
with zero profile shift, the radius of the tip cirdeis generally
approximateJy equaJto (R~ + mn}, whiJle in a gear with pro-
file shifte, this radius is usuallyincreased by approximately
e. Hence, if we want the contact to take place at a distance
m, below the tip circle, the radius R should be as close as
possible to the radius of the standard pitch cylinder, plus the
profile shift e.

(10)

We substitute this expression for R into Equation (7), and
replace the base cylinder radius Rb by (Rs cos ,11)5)' in order
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to obtain an expression for the optimum span measurement.

This equation is simplified by expanding the righthand side
asa power series in (e/R). and retaining only the first two
terms ..

VzS cos i'b = R, sin 0s + ~
Sin 0.5

(12)

Nu_mber of Teeth to be Spanned
An expression for S was given in Equation (1). Before we

make use of the expression, we put it in a more convenient
form. The normal base pitch is expressed in terms of, first
the transverse base pitch, then the transverse pitch at the stan-
dard pitch cylinder,. and final1y the transverse module. In a
similar way, the tooth thickness tnb is expressed in terms of
ttb, and then by means of Equations (4 and 8), in terms of
the transverse module and the profile shift. We then obtain
the following expression for S:

s = cos i'b cos 0. [(N' - 1) nnt + VZ'KIl\t

(13)

We substitute this expression into Equation (12), and solve
for N', the optimum number of teeth over which the span
should be measured.

N' = Vz + N0. + N tan 05 tan2 i'b + __ 2_e__ (14)

The term. (N0/1I') is derived from the function inv 0's in
theexpression for S,and the angle 0. must, therefore, be ex-
pressed in radians. Since it is common practice to use degrees
in equations of this sort, the term can be replaced by
(N0~/18O),

In general, the value of N' given by Equation(14) is not an
integer. It is, obvious that the span measurement can only
be made over an integer number of teeth, so i.n order to keep
the measurement contact radius as dose as possible to (R,
+ e), we choose N' as the integer closest to the value given
by Equation. (14) Since the real value of N' may, therefore,
differ by as much as 0..5 from the ideal value, it is important
to determine whether the contact radius is still satisfactory.

For any particular gear, we can calculate the contact radius
R by first finding the integer value N, then substituting this
into Equation (13) to obtain the span length 5, and finalJy
using Equatlon(7) to find the corresponding value of R. We
can, therefore, verify the validity of the expression for N' by
calculatingthe 'contact radius R for a large number of gears.
To be satisfactory, the radius R must always be less than the
tip circle radius RT, and greater thanR, the radius of the
true involute form circle which passes through the tops of
the fillets.

The tip circle radius is chosen by the designer, but is
generally dose to the following value:

(15)
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Fig. 3 - Normal section through the cutter

The radius of the true involute form circle depends on the
type of cutter, and the dimensions of i'ts 'teeth. For the pre-
sent purpose, we wiU assume that the gear is cut by a rack
cutter, with the normal tooth section shown in Fig .. 3, The
normal pitch is 1imn, and the normal pressure angle is 0c•

The reference line is the line along which the tooth thickness
is 0.5 'IrDln' the addendum measured from this line is an and
the tooth tip radius is rrT. If A. is the end point of the
straight section of the tooth profile, the distance h of point
Ar from the reference line is given by the toUowm8
expression:

(16)

Fig. 4 shows the transverse section through the gear and

Cutter rerere nee IIne

c

Jig. 4- Transverse section through the gearand cutler



cutter during the cutting process. If the gear has a pJ10Hle shilt
e. the cutter is oHset by 'the same amount e, and the path
followed by point Ar of the cutter is, therefore, a distance
(h-e) from the pitch point. On the gear tooth, the end point
of the fillet is cut by point At of the cutter, when A. reaches
the line of action. The radius R, of the true involute form
circle on the gear can til -n be found from the dimensions
shown in fig. 4:

For the calculations described later in thisartide, it is assumed
that Ithe length h is equal to the normal module mn.

If we simply wanted to be sure 'that we have a suitable
va)ue of N' for one particular gear, we could ealculate the
vaJue of the contact radius R, and check R is less Rr and
greater than ~. In order to v,erify the general expression for
N', we must carry out the same check for a very large number
of gears, and it is essential to include all the worst possible
cases. We define a measure aR of the error in N,. as the dif-
ference between theactual and the ideal 'contact radii:

(18)

h is clear that the contact is only close to the tip circle or
,the true involute form, circle in cases where the magnitude
of .:loR is large.

We will. consider gears with prome shift values between
-0.5 m"and 1.01mn' ~iwe choose particular values for '0c-
t.and N, and calculate theerror 4R for various values of
e, we obtain a function such as the one shown in F~g..s. The
discontinuities occur each time there is a change in the value
of N'. Since N' is the integer closest in value Ito the expres-
sion in Equa'tion (14). the discontinuities in 4R occur
wheneve:r this expressien is exactly midway between two in-
tegers. The magniitude of dR reaches its largest values just
before and just after each discontinuity,SQ"theseare 'the values
of eat which the error must be calculated .. In additlon, it
shouldaIso be calcol a ted. at e = -O.Smn and ,e .... 1.0 mn.

The cal.culations just described have been carried out for
various values of 0'0 "+5 and N. with the following results,

1.0mn e

fig. 5 - Contact posilion error a. Ifunction of profile shifl
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Theoontact radius is satisfactory in all gI!arS with smaJ] valu
of e, but for g~ with laJgeam.ountsof p:rofi1eShifi Ithe value
of N' given by Equation (14) is sometimes too large, and 'tn
contact points are then too, close ltD' the tooth tips. This oc-
curs particularly in gears with a small number of teeth. In,
a few cases, the value of R is actually larger than. Ri.

The reason for this large error is ,that the power series ex-
pansion used to derive Equation (12) is onJy aceurate when,
(e/Rs) is small. The addition of a. Ithird term in. Ithe expan-
sion makes the expression for N' very much more com-
plicated, and does not sign:ificand.y improve the accuracy.
We. therefore, altertheexpressinnin a manner that reduces
the value of N' whenever ,e ls large. We muhiply the coeffi-
cient of e by the fad or 10.75 - (2IN)]', which. has Ithe effect
of halving the coefficient when N is S,and reducing it by
about 2:5% when N is large ..

The number N' is then the integer closest to the following
expressiore

N' ljz + N0: + !:!tan. "I tan 2."i'b + .2e[O.7S-(21N)I (19)
180 "I" Dln Itan 0c

Since a. span measurement over one tooth is impossible, the
minimum. value to be used for N' is 2. even in cases wher,e
the vaJue of the expression in Equation (19) is less than 1.S.
The equation can also be expressed in 'terms of the normal
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diametral pitch Pnd, if the ratio (e/mn) is replaced by the
quantity (ePnd).

There is no theoretical basis For the modification made to
the coefficient ofe . However, the new expression for N' has
been tested in the manner described earlier, and has been
found to work very well. The calculations were carried out
for norma] pressure angles of 14.5",15",17.5°,20°, 22.5"
and 25°, helix angles of all integers from a" to 45°, and all
tooth numbers from 8 to 160.

In the cases considered, the minimum distance between the
contact point and the tooth tip was 0.383 mn, while the
minimum distance between the contact point and the top of
the fillet was 0.272 mn• With the ranges of Qlc' N ande
values that were studied, it is dear that some of the gears
would be undercut. In order to avoid making calculations
for gears that would never exist in practice, the calculation
was discontinued in cases where the ideal contact radius (R.
+ e) was less then ~. For the remaining undercut gears, the
radius of the contact point was compared with the undercut
cirde radius, which can be found by tria] and error. (2) The
minimum distance between the two circles was found to be
0.133 mn•

We have shown that, for gears with standard length teeth,
there is always adequate clearance between the measurement
contact point and the tooth tip. Equation (19) can, therefore,
also be used to calculate the optimum value of N' for stub-
toothed gears .. In addition, the clearance is generally suffi-
cient to allow the span. measurement of gears with tip relief.
The contact takes place either 00 the involute part of the tooth
face, or on a part where the tooth thickness is not significantly
altered by the tip relief. The only exceptions occur in gears
with a very small number of teeth, for which the span
measurement is made over only two teeth. In some of these
gears, the contact point may lie well within the tip-relieved
part of the tooth face. It is, therefore, advisable for gears with
N' equal to 2, to check the value of R at which the measure-
ment contact is made. If the tooth thickness at this radius
is seriously reduced by the tip relief, then the span measure-
ment should not be used.

Examples
The first example deals with the inspection measurement

of a typical helical gear, and shows how Equations (19, 13
and 7) are used to calculate the number of teeth to be spann-
ed, the corresponding span length, and the radius of the
measurement contact point.

e = 3.000 mm

Then: R, = Nmn = 202.073
2 cos Vs

rn, mn = 11.547
cos Vs

tan 0c

cos Vs
22.796°
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186.289

tan Vb = Rb tan Vs
R.

i'b = 28.024°

N' Integer closest to (6.6225) = 7

S 201.312 mm

R 206.394 mm

R (R. + e) = 1.322 mm

The second example deals with a spur gear, and was chosen
to illustrate that we obtain a suitable measurement radius
when N' is calculated from Equation (19),but that the earlier
expression given by Equation (14) sometimes gives an im-
practical measurement radius.

Given: m, = 10 mm, N =, ,Qlc = 14.5°,
ii, = O,e 9.000 mm;

Then: Rs - Nm" = 60.000
2

m, = m,,, 0s =0c' i'b = 0
Rb = R.. cos e, = 58.089

Using Eq, (19), N' = Integer closest to (2.7590) - 3
S = 81.189 mm
R = 70.868 mm
R - (R, + e) = 1.868 mm

Using Eq, (14), N' = Integer closest to (3.6821) - 4
S = 111.604 mm
R = 80.549 mm
R - (I(. + e) = 11.549 mm

RT = R. + e + m, = 79.000 mrn
i.e, R> RT
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